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Abstract: In this work, we have studied accretion of dark energy (DE) onto Morris-
Thorne wormhole with three different forms, namely, holographic dark energy, holographic
Ricci dark energy and modified holographic Ricci dark energy . Considering the scale factor
in power-law form we have observed that as the holographic dark energy accretes onto
wormhole, the mass of the wormhole is decreasing. In the next phase we considered three
parameterization schemes that are able to get hold of quintessence as well as phantom phases.
Without any choice of scale factor we reconstructed Hubble parameter from conservation
equation and dark energy densities and subsequently got the mass of the wormhole separately
for accretion of the three dark energy candidates. It was observed that if these dark energies
accrete onto the wormhole, then for quintessence stage, wormhole mass decreases up to a
certain finite value and then again increases to aggressively during phantom phase of the
universe. Key words: Morris-Thorne wormhole; holographic dark energy; accretion
I. INTRODUCTION
Accelerated expansion of our universe (see [1–3]), as evidenced by Supernovae Ia (SNeIa), Cos-
mic Microwave Background (CMB) radiation anisotropies, Large Scale Structure (LSS) and X-ray
experiments, has stimulated interest in models containing a component with an arbitrary equation
of state w = p/ρ ≤ −1 where ρ is the dark energy density and p is the pressure. Such a component
is dubbed as “quintessence” [9]. DE is proposed as a fluid with a negative efective pressure p and
energy density ρ satisfies p < −ρ. It violates the weak energy condition [10]. So, it plays the role
of an exotic fluid ( see for recent reviews [4–8] ).
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2Acceration of the DE on a black hole is a phenomena which it changes (decreases or increases?)
the mass of the black hole [11]. Not only black holes [12–14] but other black objects has the same
physical scenarion like the acceration of DE on to wiggly cosmic strings [15] and specially the
geometry of a wormholes [16–18, 22].
Wornholes has been proposed to be a geometry of a bridge which is able to connect two
Lorentzian metrics of the spacetime in a causual way. Wormholes are expected usually due to
quantum effects [24, 25]. They inspired from the quantum effects [26, 27]. Different aspects
of wormholes are widely studied in literature from general relativity to modified gravities [18]-
[21]. Wormholes can be immersed in in a FriedmannLemaitreRobertson Walker (FLRW) universe
[16, 28, 29]. In such cases it has been showed that the accretion of a certain kinds of DE, phantom
energy can make the wormhple massive . So, it works as an stabilizer of the wormhole. Such
acceration phenomena has been investigated in literature [30, 31]. Different scenarios proposed for
phantom DE like generalised Chaplygin gas model (PGCG) [23].
In the present study, we have considered accretion of holographic dark energy (HDE) with
density ρHDE = 3c
2M2pH
2 [32–35]; holographic Ricci dark energy with density ρHRDE = 3c
2(H˙ +
2H2) [36–38], and modified holographic Ricci dark energy (MHRDE) with density ρMHRDE =
2
α−β
(
H˙ + 3α2 H
2
)
(α and β are free constants) [39–41] on Morris-Thorne Wormhole [42](for a
more motivated and physically important model see [43]). This study is primarily motivated by
considering two types of Chaplygin gas model accreting onto Morris-ThorneWormhole and different
parameterization schemes and increasing of the wormhole mass during the phantom phase of the
universe and decreasing during quintessence. It was understood that wormholes would shrink if
Hubble parameter H decreases, we decided to select power-law form of the scale factor leading to
decreasing H and then investigated accretions of three dark energy models, whose densities are
functions of H[23].
Plan of the paper is as follows. In section II we shall give a brief overview of Morris-Thorne
Wormhole, in section III we shall discuss accretion of the dark energy candidates on it and in section
IV, we shall discuss various parameterization schemes and finally we shall conclude in section IV.
II. A BRIEF OVERVIEW OF MORRIS-THORNE WORMHOLE
Wormholes may be classified into two categories [18]: Euclidean wormholes and Lorentzian
wormholes. The Euclidean wormholes arise in Euclidean quantum gravity and the Lorentzian
wormholes, which are static spherically symmetric solutions of Einsteins general relativistic field
3equations. The Lorentzian wormhole consists of two asymptotically flat spacetimes and the bridge
connecting two space-times. In general, the flatness of two spacetimes is not necessarily required
for constructing wormholes. Morris-Thorne solution is the most important model of simplicity
[44]however is not the unique static solution [45–50].
Non-static spherically symmetric Morris-Thorne wormhole metric is given by [42]
ds2 = −eΦ(r)dt2 + dr
2
1− K(r)r
+ r2(dθ2 + sin2 θdφ2) (1)
HereK(r) is shape function and Φ(r) is redshift function. Also we denote by r the radial coordinate
of a co-moving observer . If K(r0) = r0, the radius r0 is called the wormhole throat radius. As we
are considering the phenomenon of dark energy accretion onto wormhole, we shall consider r0 <∞.
In the present accretion problem we shall follow the procedure of [11] . So, we consider the tensor
momentum-energy for a relativistic perfect fluid
Tµν = (p+ ρ)uµuν + pgµν (2)
in which p is pressure, ρ is energy density and uµ = dxµ/ds is the four-velocity satisfying uµuµ = −1.
We ignore of backreactions on the static wormhole background and it is assumed Φ(r) = 0. The
relativistic Bernoullis equation after the time component of the energy-momentum conservation
law uµT
µν
;ν = 0 provide the first integral of motion for static, spherically symmetric accretion onto
wormhole and it yields (u = drds > 0 )[22]
M−2r2u(p+ ρ)
(
1− K(r)
r
)−1(
u2 +
K(r)
r
− 1
) 1
2
= C1 (3)
where M is the exotic mass of the wormholeand we introduced the integration constant C1 . An
auxiliarly equation is obtained by the projection of the energy-momentum tensor on the four-
velocity uµT
µν
;ν = 0. In the case of the relativistic perfect fluid and in the background of a static
wormhole, one finally obtains
M−2r2u
(
1− K(r)
r
)−1
exp
[∫ ρ
ρ∞
dρ
ρ+ p(ρ)
]
= C2 (4)
where, whereC2 > 0 is dimensionless integration constant. We assume that wormhole is asymptot-
ically flat with a zero angular momentum (ZAMO) observer at infinity. So, the magnitude of the
energy density of DE at infinity is denoted by ρ∞ .
The rate of change of the exotic wormhole mass M˙ is computed as the follows [22] :
M˙ =
∫
dST r0 (5)
4Using the above results we can obtain the rate of change of the gravitational mass as
M˙ = −4piM2Q
√
1− K(r)
r
(p+ ρ) (6)
with the constant Q > 0. For the asymptotic regime r →∞, the rate M˙ reduces to
M˙ = −4piM2Q(p+ ρ) (7)
Clearly, if H˙ < 0, then M˙ < 0. To investigate increasing or decreasing in mass function we should
solve (7) to find M(t). It depends on how {p, ρ} change as functions of time.
III. ACCRETION OF HOLOGRAPHIC DARK ENERGY ON MORRIS-THORNE
WORMHOLE
Power-law scale factor is examined by observational data as a good and physically reasonable
assumption[51]. One reason is here we have only two fitting parameters , the Hubble parameter is
evaluated at the present time H0 and the value of decelation parameter q = −1− H˙H2 computed at
the present time q0. We assume the scale factor in power-law form as
a(t) = a0t
m, m > 0 (8)
It is well understood that the model described by the above equation for m > 1 is able to address
the horizon,flatness and age problem of the early universe [52–54]. By a very carefully fitting
method, we observe that the power law model modelis preferred over other models of a(t) if we
use a tting procedure with only two parameters which it is here {H0, q0}. Power-law scale factors
have been used in different modified gravities models [55, 56]
In our study on acceration of holographic dark energy on wormholes,we use this power-law
solution. For the power law, the Hubble’s parameter reads:
H =
m
t
(9)
Since we are considering three dark energy candidates ,we list them here for the power-law
Holographic dark energy [32]
ρHDE =
3c2M2pm
2
t2
(10)
Holographic Ricci dark energy [36]
ρHRDE =
3c2(−m+ 2m2)
t2
(11)
5Modified holographic Ricci dark energy [39]
ρMHRDE =
2
(
−m+ 3m2α2
)
(α− β)t2 (12)
To proceed the acceration program we need to specify {ρ(t), p(t)}. Using the first and second FRW
equations :
H2 =
1
3
ρ (13)
H˙ = −1
2
(ρ+ p) (14)
and by remembering the energy conservation equation:
ρ˙+ 3H(ρ+ p) = 0 (15)
we can get the pressure for the above dark energies
pHDE = −
c2(2 + 3m)M2p t
2
m3
(16)
pHRDE =
c2
(−2 + 7m− 6m2)
t2
(17)
pMHRDE = −(−2 + 3m)(−2 + 3mα)
3t2(α− β) (18)
Using Eqs. (10) and (16) in (7) (i.e. for HDE)
M˙ = −8M
2piQcMpm
t2
(19)
Using Eqs. (11) and (17) in (7) (i.e. for HRDE)
M˙ = −8M
2piQc
√
m(−1 + 2m)
t2
(20)
Using Eqs. (12) and (18) in (7) (i.e. for MHRDE)
M˙ = −
8M2piQ
√
m(−2+3mα)
(α−β)√
3t2
(21)
Solving Eqs. (19), (20) and (21) we get respectively
M1 =
(
1
M0
+ 8cmMppiQ (H0 − a0(1 + z)m)
)−1
(for HDE) (22)
6M2 =
(
1
a0(1+z)
) 1
m
−8c√m√−1 + 2mpiQ− (−8c
√
m
√−1+2mM0piQ−t0)
(
1
a0(1+z)
) 1
m
M0t0
(for HRDE) (23)
M3 =
3
(
1
a0(1+z)
) 1
m √
α− β
−8√3√mpiQ√−2 + 3mα−
(
1
a0(1+z)
) 1
m
(
−3t0− 8
√
3
√
mM0piQ
√−2+3mα√
α−β
)√
α−β
M0t0
(for MHRDE)
(24)
In the above equations M0 and H0 are mass of wormhole and value of the Hubble parameter
respectively at t = t0 and we have used t = [a0(1 + z)]
−1/m.
It is adequate to use a Taylor series expansion for redshift z ∈ [−2, 3]. For this reason we
remembering to mind that:
1
(1− x)α = Σ
∞
n=0
(α+ n− 1)!
n!(α− 1)! x
n, |x| < 1 (25)
Using this series for α = 1m , x = −z we obtain:
(1 + z)−1/m = (−1)−1/m + (−1)
−1/m(z + 2)
m
+
(−1)−1/m(1 +m)(z + 2)2
2m2
+
(−1)−1/m(1 +m)(1 + 2m)(z + 2)3
6m3
+O[z + 2]4 (26)
Using the above expansion (26) we have at very late stage i.e. z → − 1 the mass of wormhole as
HDE, HRDE and MHRDE accretion occurs as follows:
M1 =

 1
M0
+ 8cm

H0 − 6−1/m
(
(−1) 1mm3
a0 (1 + 6m+ 11m2 + 6m3)
)−1/mMppiQ


−1
(27)
M2 =
(
9(−a0)2/mm11/2M0
)× [2cH0√−1 + 2mM0piQ+m (9(−a0)2/mm9/2+
24cH0
√−1 + 2mM0piQ+ 116cH0m
√−1 + 2mM0piQ− 12c
(
(−a0) 1m − 24H0
)
m2
√−1 + 2mM0piQ− 2c
(
36(−a0) 1m − 193H0
)
m3
√−1 + 2mM0piQ− 132c
(
(−a0) 1m−
2H0)m
4
√−1 + 2mM0piQ− 72c
(
(−a0) 1m −H0
)
m5
√−1 + 2mM0piQ
)]−1
(28)
M3 =
(
1
M0
− 8
√
mpiQ
(
−1+m
(
−6+m
(
−11+6m
(
−1+(−a0)
1
m t0
))))√−2+3mα
√
3(1+m)(1+2m)(1+3m)t0
√
α−β
)−1
(29)
In Figures (1,2,3) we plot the mass functions versus red shift z. As the accretion of HDE occurs
on the wormhole (Fig. 1), its mass is increasing. Fig. 2 shows that for accretion of HRDE the
mass of wormhole shows increasingpattern. Fig. 3 shows similar pattern to that of HRDE and
here also the accretion of MHRDE onto wormhole leads to the mass increases indefinitely.
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FIG. 1: Variations of wormhole mass M1 (Eq.
(27)) against redshift z = a−1 − 1 for HDE.
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FIG. 2: Variations of wormhole mass M2 (Eq.
(28)) against redshift z = a−1 − 1 for HRDE.
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FIG. 3: Variations of wormhole mass M3 (Eq.
(29)) against redshift z = a−1 − 1 for MHRDE.
IV. PARAMETERIZATIONS OF DARK ENERGY MODELS
The main important parameter in DE scenario is the equation of state (EoS) parameter w. It
is defined as the ratio between the effective pressure of DE to the energy density. In general,EoS
is function of cosmological time w(t). But a better parametrization is obtained when we write it
as function of redshift w(z). So, we have w(z) = p(z)ρ(z) . There is no direct way to analyze and find
this function in a fully theoretical based formalism. For low redshifts,near the now era we have
two known families of models described by ”Families I,II”. In the common forms we have:
81. Family I: w(z) = w0 + w1
(
z
1+z
)m
2. Family II:w(z) = w0 + w1
z
(1+z)m
The strategy is to insert this w(z) in the FRW and continuty equations to find {ρ(z), p(z)} . The
benefit is in this reconstruction scheme,there is no need to assume any form of scale factor.
For family I, we get from the conservation equation that
ρ(z) = ρ0e
(−1)−m3w1Beta[1+z,−m,1+m](1 + z)3(1+w0) (30)
For family II, we get from the conservation equation that
ρ(z) = ρ0e
− 3w1(−1+(
1
1+z )
m
(1+mz))
(−1+m)m (1 + z)3(1+3w0) (31)
where, w0 and w1 are two unknown parameters, which can be constrained by the recent observations
and m is a natural number.
In this section we shall not assume any form of scale factor. Wee shall consider the mass function
in terms of the Hubble parameter H as in the form [18, 22]
M =
M0
1− 8piQM0(H −H0) (32)
By considering the form of H(z) we can check whetherM(z) is an increasing or decreasing function.
A. CPL parameterization
A popular parametrization, proposed by Chevallier and Polarski [57] and Linder (CPL) [58],
explains evolution of dark energy in a flat FRW Universe. It is termed as the CPL model and it
proposes the following parameterization of the EoS:
wCPL(z) = w0 + w1
z
1 + z
(33)
We get wCPL if we put m = 1 in Family I as well as Family II. The conservation equation takes
the form
(1 + z)
dρ
dz
= 3ρ
(
1 + w0 +
w1z
1 + z
)
(34)
and solving the above we get
ρ = ρ0e
− 3w1z
1+z (1 + z)3(1+w0+w1) (35)
9Considering ρ = ρHDE = 3c
2M2pH
2 we get
H2 =
1
3c2M2p
e−
3e1z
1+z ρ0(1 + z)
3(1+w0+w1) (36)
Using Eq. (36) in (32) we get the mass M of wormhole as a function of z and plot it in Fig. 5.
Solving the differential equation coming out of the consideration ρ = ρHRDE = 3c
2(H˙ + 2H2) we
get
H2 =
(
e−3w1(1 + z)4
(
9c2e3w1H20w1 − 2× 33(w0+w1)ρ0(−w1)3(w0+w1)Γ[1− 3w0 − 3w1,−3w1]+
2× 33(w0+w1)ρ0
(
− w1
1 + z
)3(w0+w1)
(1 + z)3(w0+w1)Γ
[
1− 3w0 − 3w1,− 3w1
1 + z
]))
× (9c2w1)−1
(37)
Using Eq. (37) in (32) we get the mass M of wormhole as a function of z and plot it in Fig. 6.
Solving the differential equation coming out of the consideration ρ = ρMHRDE =
2
α−β
(
H˙ + 3α2 H
2
)
we get
H2 = H20 + 3
3(1+w0+w1−α)e−3w1ρ0(−w1)3(1+w0+w1−α)(α− β)Γ[−3(1 + w0 + w1 − α),−3w1] +
33(1+w0+w1−α)e−3w1ρ0w31
(
− w1
1 + z
)3(w0+w1−α)
(1 + z)3(w0+w1)(α− β)×
Γ
[
−3(1 +w0 + w1 − α),− 3w1
1 + z
]
(38)
Using Eq. (38) in (32) we get the mass M of wormhole as a function of z and plot it in Fig. 7.
In Fig. 4 we have plotted the EoS parameter for w0 = −0.3, w1 = 1.3 and observed a transition
from quintessence to phantom phase at z ≈ −0.4. As the accretion of HDE occurs on the wormhole
(Fig. 5), its mass is decreasing as long as the universe is in quintessence phase and as soon as
it enters the phantom phase the mass of the wormhole starts increasing. Fig. 6 shows that for
accretion of HDE the mass of wormhole shows decaying pattern during the quintessence phase and
after the universe enters into phantom phase the mass of the wormhole starts increasing. Fig. 7
shows that the accretion of HDE onto wormhole leads to decay of the wormhole mass up to a finite
value and in the phantom phase the mass increases indefinitely.
B. JBP parameterization
Jassal et al [59] used a parameterization of the form
wJBP (z) = w0 + w1
z
(1 + z)2
(39)
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FIG. 4: EoS for JBP parameterization with
w0 = −0.3, w1 = 1.3.
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FIG. 5: Variations of wormhole mass M1
(Eq. (27)) against redshift z = a−1 − 1 for
HDE using CPL parameterization.
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FIG. 6: Variations of wormhole mass M2
(Eq. (28)) against redshift z = a−1 − 1 for
HRDE using CPL parameterization.
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FIG. 7: Variations of wormhole mass M3
(Eq. (29)) against redshift z = a−1 − 1 for
MHRDE using CPL parameterization.
that is obtainable by putting m = 2 in Family II. Since a = (1 + z)−1, the conservation equation
takes the form
(1 + z)
dρ
dz
= 3ρ
(
w0 + w1
z
(1 + z)2
)
(40)
Solving the above differential equation we obtain
ρ(z) = ρ0(1 + z)
3(1+w0) exp
[
3w1z
2
2(1 + z)2
]
(41)
Combining Eq. (10), and (41) i.e. considering ρHDE = ρ in Eq. (41) we get differential equation
that is not having any exact solution. Thus, we solve them numerically and use the solution in
11
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FIG. 8: EoS for JBP parameterization with
w0 = −0.3, w1 = 1.3.
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FIG. 9: Variations of wormhole mass M1
(Eq. (27)) against redshift z = a−1 − 1 for
HDE using JBP parameterization.
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FIG. 10: Variations of wormhole mass M2
(Eq. (28)) against redshift z = a−1 − 1 for
HRDE using JBP parameterization.
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FIG. 11: Variations of wormhole mass M3
(Eq. (29)) against redshift z = a−1 − 1 for
MHRDE using JBP parameterization.
Eq. (32) to have a plot of M in Fig. 9. Similarly, numerical technique is applied for HRDE and
MHRDE also and the wormhole masses are presented in Figs. 10 and 11 .
In Fig. 8 we have plotted the EoS parameter for w0 = −0.3, w1 = 1.3 and observed a transition
from quintessence to phantom phase at z ≈ −0.4. As the accretion of HDE occurs on the wormhole
(Fig. 9), its mass is decreasing as long as the universe is in quintessence phase and as soon as
it enters the phantom phase the mass of the wormhole starts increasing. Fig. 10 shows that for
accretion of HRDE the mass of wormhole shows decaying pattern during the quintessence phase
and after the universe enters into phantom phase the mass of the wormhole starts increasing. Fig.
11 shows similar pattern to that of HRDE and here also the accretion of MHRDE onto wormhole
12
leads to decay of the wormhole mass up to a finite value and in the phantom phase the mass
increases indefinitely.
C. Efstathiou parameterization
Efstathiou proposed the following parameterization for EoS [60]:
wlog(z) = w0 + w1 ln(1 + z) (42)
For this parameterization we have
ρ = ρ0 e
3
2
w1(ln[1+z])2(1 + z)3+3w0 (43)
For ρ = ρHDE, ρ = ρHRDE and ρMHRDE we get differential equations that are solved numerically
and wormhole masses are plotted in Figs. 13, 14 and 15 respectively.
In Fig. 12 we have plotted the EoS parameter for w0 = −0.3, w1 = 1.3 and observed a transition
from quintessence to phantom phase at z ≈ −0.4. As the accretion of HDE occurs on the wormhole
(Fig. 13), its mass is decreasing as long as the universe is in quintessence phase and as soon as
it enters the phantom phase the mass of the wormhole starts increasing. Fig. 14 shows that for
accretion of HRDE the mass of wormhole shows decaying pattern during the quintessence phase
and after the universe enters into phantom phase the mass of the wormhole starts increasing. Fig.
15 shows similar pattern to that of HRDE and here also the accretion of MHRDE onto wormhole
leads to decay of the wormhole mass up to a finite value and in the phantom phase the mass
increases indefinitely.
V. CONCLUDING REMARKS
The present paper reports a study of accretion of three holographic dark energies, namely,
holographic dark energy (HDE) with density ρHDE = 3c
2M2pH
2 ; holographic Ricci dark energy
with density ρHRDE = 3c
2(H˙ +2H2), and modified holographic Ricci dark energy (MHRDE) with
density ρMHRDE =
2
α−β
(
H˙ + 3α2 H
2
)
(α and β are free constants), onto Morris-Thorne wormhole.
This work has been carried out in two phases. In first phase of the study we assumed a scale factor
of the from a = a0t
m, (m > 0) leading to H = m/t leading to H˙ < 0. In the remaining part work
we have followed the procedure of studying dark energy accretion onto wormhole already adopted
by [18, 22]. It has been emphasized in [18] that mass of the wormhole is a dynamical quantity,
so the nature of the mass function is important in our wormhole model for different dark energy
13
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FIG. 12: EoS for Efstathiou parameteriza-
tion with w0 = −0.3, w1 = 1.3.
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FIG. 13: Variations of wormhole mass M1
(Eq. (27)) against redshift z = a−1 − 1 for
HDE using Efstathiou parameterization.
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FIG. 14: Variations of wormhole mass M2
(Eq. (28)) against redshift z = a−1 − 1 for
HRDE using Efstathiou parameterization.
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FIG. 15: Variations of wormhole mass M3
(Eq. (29)) against redshift z = a−1 − 1 for
MHRDE using Efstathiou parameterization.
filled universe. Mass of the wormhole depends upon p+ ρ and hence on H˙. Negative sign of H˙ is
contributed by w > −1 i.e. quintessence. We have obtained the wormhole mass for accretion of
the above three dark energies in a universe characterized by power-law form of scale factor. We
have observed that for the said accretion processes the mass of the wormhole is decaying with the
evolution of the universe. Ref. [11] has shown that although the mass of black hole decreases due
to phantom energy accretion, the mass of wormhole increases due to phantom energy accretion,
which is the opposite behaviour of black hole mass. Also, [23] had shown that in the dual phantom
generalised Chaplygin gas wormholes decrease their size when the scale factor increases. Here,
14
considering three holographic dark energy models we observe that for increase in the scale factor
the mass of wormhole is decaying. Hence, this observation is consistent with [23].
In the next phase of the study we have adopted three dark energy parameterization schemes
wCPL(z) = w0 + w1
z
1+z , w
JBP (z) = w0 + w1
z
(1+z)2
, wlog(z) = w0 + w1 ln(1 + z) proposed in
[58–60]. In this phase we have not assumed any form of the scale factor and solved the conservation
equations to get the dark energy densities under the three parameterization schemes. Subsequently,
considering this dark energy as HDE, HRDE and MHRDE we have reconstructed the Hubble
parameter in each case and this way we obtained wormhole masses when the dark energies are
accreting on the wormhole. We have taken w0 = −0.3, w1 = 1.3. In all parameterization cases we
observed that during the quintessence phase of the universe the mass of wormhole is decreasing
with z and the mass is increasing in the phantom phase of the universe. Ref. [61] explicitly
demonstrated that the phantom energy can support the existence of static wormholes. Hence, our
observation that the holographic dark energies, when accreting on wormhole, leading to an increase
in the wormhole mass in the phantom phase of the universe is in agreement with [61]. Also, the
study is in agreement with [18], who showed that accretion of two types of Chaplygin gas onto
Morris-Thorne Wormhole lead to increase in wormhole mass in the phantom phase of the universe.
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